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Abstract. We study the Robin boundary-value problem for bounded do- 
mains with isolated singularities. Because trace spaces of space W2(D) on 
boundaries of such domains are weighted Sobolev spaces L^'^{dD) existence 
and uniqueness of corresponding Robin boundary-value problems depends on 
properties of embedding operators /i : W2{D) L'^{D) and I2 '■ ^2(0) 
L^'^{dD) i.e. on types of singularities. We obtain an exact description of 
weights 5 for bounded domains with 'outside peaks' on its boundaries. This 
result allows us to formulate correctly the corresponding Robin boundary- 
value problems for elliptic operators. Using compactness of embedding opera- 
tors I\,l2, we prove also that these Robin boundary- value problems with the 
spectral parameter is of Fredholm type. 



1. Introduction 

An essentially self-contained presentation of a method for a correct formulation 
and an investigation of the Robin boundary- value problem for second order elliptic 
equations in domains with 'outside peaks' is given in this paper. This study is ini- 
tiated by works [T^, [E], [8], [11]. Quoted papers devoted to the Robin boundary- 
value problem for Lipschitz domains and its strait forward generalizations. It is 
well known that the embedding operator Ii : ^2^(1?) L'^{D) is compact for Lips- 
chitz domains |14] and by [TT] the operator I2 ■ W2{D) L'^{dD) is also compact. 
Therefore the Robin boundary-value problem is of Fredholm type for this class of 
domains |llj . 

For domains with Holder type singularities the second embedding operator I2 ■ 
W2{D) L^{dD) does not necessarily exist, because traces of functions from 
W2{D) do not necessarily belong to the space L'^{dD). It means that even a 
correct formulation of the Robin problem for such domains depends on properties 
of a trace space of 1^2^(1?). One of possible descriptions of trace spaces for smooth 
bounded domains with isolated singularities of an 'outside peak' type was proposed 
in [18], [19] by the second author. For such domains the trace space for W2{D) 
does not necessarily coincides with L?{D) and can be described with the help of 
corresponding weights ^ that depend on singularity types. These results allow us to 
formulate correctly the Robin boundary- value problem with the help of the weights 

C- 

We will prove in this paper that embedding operators I2 ■ W2{D) L^'^{dD) 
are compact for such weights. Because both embedding operators Ii : W2{D) 
L'^{D) and h ■ W2{D) — > L'^'^{dD) are compact the Robin boundary- value problem 
with the spectral parameter is of Fredholm type. 



^The second author was partially supported by Russian Foundation for Basic Research (grant 
06-01-00735) 
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Elliptic boundary- value problems were studied in numerous books and papers. 
We mention [Ij and pjj, where many references can be found. In p[4j embedding 
theorems for a variety of non-smooth domains have been studied. 

Main results of this paper were announced in [20] . 

2. Main results 

In this section we introduce necessary definitions and formulate main results. 

Recall the classical definition of Sobolev space Wp{D). Let D be an open subset 
of R", n> 2. Define Sobolev space Wp{D), 1 < p < cx) as a normed space of locally 
summable, weakly differentiable functions f : D ^ R equipped with the following 
norm: 

1/2 



\f\P{x)dx] + / \Vf\Pix)dx 



\\f\w;,{D)\\ = 

Here V/ is the weak gradient of the function /. 

2.1. Weak Robin problem for smooth domains. Let G S i?" be a bounded 
smooth domain i.e. its boundary dG is a smooth compact {n — l)-dimensional 
manifold. Remember classical Robin boundary-value problem 

(2-1) E ^ («*^(^)^) +E^'(^)£+«(^)^ = /(^)' ^eG, 

Ou 

(2.2) — + cr{x)u n{x), x G dG. 

Here the functions aij{x) = aj^i,bi{x),a{x), f{x) are smooth functions defined on 
G and a{x),fi{x) are smooth functions defined on dG. 

n 

As usually §jf — J2 cos {n,Xi ), where n is the exterior unit normal 

vector at a point x G dG. 

Suppose also that the following condition of the uniform ellipticity holds 

n 

(2.3) CilCp < J2 < C2\^f- 

for all ^ = (^1, . . . , ^„) S ]R". Here Ci and C2 are positive constants. 

This formulation is equivalent to the following weak formulation. A function 
u e W2 (G) is a weak solution of the Robin problem if 

(2.4) '"'"'^ ' ' »=1g " G 



frjdx — J auTjdSx + j y^rjdSx . 

G dG dG 

for all ry G W2 (G). Here dSx is the standard surface measure. 

For the weak formulation smoothness of functions /, cr, ^ is not necessary and 
can be replaced by the following weak conditions: aij,bi,a e L°°{G), f € L-^ (G), 
a e L°°{dG),^i e L'^{dG). 
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2.2. Weak Robin problem for domains with an 'outside peak'. Suppose 
domain G is not smooth at one isolated point. 

Assumptions on the functions a^j = aji, f and a are the same for any such 
domain: f £ (G), a g and = aji £ L°°{G). Additional conditions for hi, 
a, fi depends on properties of the boundary and will be formulated later only for 
domains with 'outside peaks' . 

The next definition is a formal description of domains with an 'outside peak'. 

Definition 2.1. We call a bounded domain G C M" a domain of class OP^p if 

1. There exists such point O € dG that dG\{0} is a smooth (n— l)-dimensional 
manifold of the class . 

2. Let Q C M""^ be a bounded domain of the class and (p e G^ ([0, 1]) be 
a smooth function such that ip{0) = = ^iid (p'{t) > for t e (0, 1). Denote 

X — (xi , . . . , Xn—l^ • 

There exists a neighborhood U (O) of O that can be represented as 



(2.5) U{0) nG= {x^ {x', Xn) e M" : < a:„ < 1, — — - e fl 

for an appropriate choice of a coordinate system with the origin O in R" . 

The point O is a top of an 'outside peak'. We will study problem (|2.4p for 
domains of class OP^. 

Denote L^-^ (dG) such space of measurable functions defined on dG that 

\fix)\Pa^)dS,^\\f\\l^^g^<CX,. 

dG 

Here ^ : dG — + i? is a fixed nonnegative measurable function (a weight). 

We are ready to specify all necessary assumptions for Robin boundary-value prob- 
lem l|2.4p in domains of class OP^ . 

Suppose domain G belongs to the class OP^. 

A function u G W2 (G) is a weak solution of the Robin problem if 



(2.6) 



G 



frjdx — J aurjdSx + J fJ.ridSx ■ 
dG dG 



for all ri e (G). 

Here functions aij,bi,a G L°°{G), f £ L? (G). The following uniform eUipticity 
condition holds 

n 

(2.7) GilCp < ay(a:)e.O < G2ICP. 

for all ^ = (^1, . . . , S^n) G M" and some positive constants Gi and G2. 

Additional assumptions for functions tr, ^ depends on function tp and are es- 
sential in a neighborhood of singularity point O € dG. Roughly speaking these 
assumptions must correlate with the exact description of the trace space of W2 (G) 
on the boundary dG. Reasons for the following assumptions will be made clear 
during proofs of the main results. 
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The function a : dG R satisfies to the following inequality: 

\a(x)\ 

(2.8) ess sup ' ,^ ^' = M„ < oo. 

xedG ^{Xn) 

The function belongs to L^'^ {dG). This is equivalent to ^ € L'^^f {dG). 

Remember that functions 6^, a, /, w, 77 (see p.4p ) are complex valued functions. 

2.3. Main results. Let h be the embedding operator of W2 (G) into (G), and 
h the embedding operator of (G) into L^.v (^g). By the space L^.v (^G) 
contains traces of W2 (G) on i9G. Existence, boundedness and compactness of the 
operator Ii is well known (see, for example [Mj). Existence and boundedness of 
the operator I2 is proved in |18j . Compactness of I2 is the main technical goal of 
this paper. 

Remember that W2 (G) with an inner product 



is a Hilbert space. 

We adopt a general well known statement of functional analysis to our study. 

Proposition 2.2. Suppose G e OP^p and operators Ii and I2 are compact. Then 
the weak Robin problem l|2.6p - (|2.8p is of Fredholm type, i.e. the problem can be 
reduced to an operator equation on T4^2^(G) 



where I is the identity and A is a compact operator. 

Compactness of the embedding operator I2 is a content of the following result: 

Theorem 2.3. If G <E OP^, then the embedding operator I2 is compact. 

This theorem is a special case p — 2 o{ the corresponding result for Sobolev 
spaces W^{G) that will be proved in Section 4. Combining two previous results 
and using compactness of the embedding operator Ii [14] we obtain one of the main 
results of this study. 

Theorem 2.4. IfG e OPip, then the weak Robin problem l|2.6p - (|2.8p is of Fredholm 
type. 

Proof of main results is based on the exact descriptions of the trace spaces of 
Sobolev spaces (G) on boundaries of OP<p-domains [H]. For readers convenience 
we reproduce here this description. 

Further the relation A ^ B means that a two sided inequality Gi < ^ < C2 
with constants < Gi < G2 < 00 depending on G only is correct. 

Denote TW^ (G) a normed space of Wp (G)-function traces on dG with the 
quotient norm 



(2.9) 




(2.10) 



{I + A)u^F, 



(2.11) 




Let E{x, y) = max{v3(a;„), (/?(?/„)} and a{x, y) = x 
[0,1]. 



( 




where x is the indicator 
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Let G e OP^, 1 < p < oo. By [18] 

(2.12) II/IItw^-II/IUog- 



1/p 



It means, in particular, that f /dG G L^'^ . 



3. Proof of Proposition 1^21 



The space 14^2^ (G) is a Hilbert space with the inner product (|2.9p . Because the 
condition (|2.3p this inner product is equivalent to the following new one 



(3.1) 



77] 



E" , . du drj _ 



dx. 



Rewrite the weak Robin boundary problem in terms of this inner product 
(3.2) 

— j bi{x)-^—rjdx — j {a+\)urldx + j aurjdSx — — j fr]dx + J firjdSx- 



G 



Every integral in l|3.2p can be considered as a complex valued linear functional 
on (G): 

h,ui'r]) = I A^)jr~i^) dx, h.uifl) = - + l)u{x)r]{x) dx, 



G 



h,u{ri) = j <j{x)u{x)ri{x) dS^, kiv) = J ^^{x)r|{x) dS^, 

dG dG 



hiv) = - / f{x)r]{x) dx. 



Because a,h e L°°{G),f e L^(G), w, ^ e L'^iG) for any i = 1, 2, n bound- 
edness of functionals li^u,h,u,h follows from Cauchy-Bunyakovski inequality. 

Let us prove boundedness of the functional Z3,„. Using Cauchy-Bunyakovski 
inequality, condition l|2.8p , the trace description for domains of class OPt^ ^18j and 
boundedness of I2 we obtain the following inequality: 



(3.3) 



\hAv)\ 



J au7] dSx 








/ —(puri dSx 






J f 


dG 




9G 



<Ma\\u\\^,^^9a-\M\2..v.dG 

< Ma Whf \\u\\^i(^a)M\wi{G) ■ 



In (|3.3p W2 (G)-norm of functions is induced by the inner product l|2.9p . Con- 
stants Ma and ||/2|| depends only on G and function a. Therefore functional Is^u is 
bounded. A similar argument is correct for I4: 
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(3.4) 



1^4(^)1 







— ipi] dSx 


< 








J V 






9G 




9G 







\H^{G) 



< \\l 



We will use notations C, Ci, C2,. . .for different positive constants. 
By the Riess theorem there exist such bounded operators Bi : W2 (G) W2 (G), 
i = 1, 2, 3 that k,u{ri) := [B,u, 77] , 77 e W:^ (G) . 

Denote F := B^^ + B^f. Rewrite (|2.6p using Bi and F 



[u + {Bi +B2 + B3)u, T]] ^ [F, 77] , 

We will use also a short notation A := Bi + B2 + B^. 

Let us prove compactness of operator A. The operator A is compact if operators 
Bi, B2, B3 are compact. It is enough to prove that for any operator Bi, i = 
1, 2, 3 an image of a weakly convergent sequence contains a strongly convergent 
subsequence. 

Let a sequence {uk}^ weakly converges to uq in W2{G). By continuity of Bi 
the sequence BiUk weakly converges to BiUQ. By compactness of operators Ii and 
I2 we can suppose (without loss of generality) that sequences {itfeji" and {BiUk}f 
strongly converge in L'^{G) and L^ ''^{dG) correspondingly. 

Let us start from Bi. For simpHcity we will use short notations li,i — 1,2,3 
unstead of li^uk-ur,^- By the definition of Bi 



[Bi{uk - Um), Bi{uk - Um)] = \li{Bi{uk 
< M\\BiUk - BiUm\\L2{G)- 



0)1 



Here M is a positive constant. Because , v] ^ II^IIvvI(g) have 



\BiUk — Biu 



^"■\\w^{G) 



< C \\BiUk - BiM„i||i2(G) 



for a positive constant G. 

The last inequality means that {BiUk}^ strongly converges to BiUq in W^2^(G). 
Therefore operator Bi is compact. 

A similar argument is correct for operator B2: 

\\B2{uk - Um)ll^^i(G) ^ [B2{uk - Urn), B2{uk - Um)] 
= \h{B2{uk - Um))\ < C \\B2Uk - B2Um\h'^(G) 

for a positive constant C . Therefore sequence {B2Uk\^ strongly converges to i?2Mo 
in W\(G) and operator B2 is compact. 

For operator Bj, we will use compactness of I2 ■ Using similar arguments we have 

\\Bz{uk - Um)lj^^i(G) ^ {Bz{uk - Um), Bz{uk - Um)] 
= \h[Bz(uk - Mm))| < Mcr \\Uk - Um||L2,»=(aG) ' \\Bziuk - U„ ) 1 1 ^2,,, (gc) 

proving compactness of B-^. 

Hence operator A = B\+ B2^ B-^ is compact. Therefore the operator / + A is 
of the Fredholm type. Proposition 12.21 proved. 
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4. Compactness of embedding operator Ip : Wp{G) L^'^f (dG) 

Theorem 12.31 is a special case for p ~ 2 of the following result 

Theorem 4.1. If G e OP^, then the embedding operator Ip : W^{G) LP'f (dG) 
is compact. 

Fix a domain G G OP^. Without loss of generality we can suppose that < 
(p'{xn) < 1 for any < a;„ < 1. can suppose that a top of peak O coincides with 
the origin of coordinates and there exists such a neighborhood V{0) of O that 
V{0) Pi G can be represented as 

(4.1) {x = ix', Xn) e R" : < x„ < 1, 1 a:' |< </j(x„)} . 

Here notice that x = {x',Xn) e R", x' € R""\ Xn € R. Without 

For the proof of Theorem 14. II we need the following technical result: 

Lemma 4.2. Any function F G Wp (G), 1 < p < oo, has the following representa- 
tion 

F{x) = a{xn) + R{x), 
where a € Wp (G) is a function of one variable, R £ Wp (G), and the following 
inequality is correct 

(4.2) \\^-\x^)R\\^^^^^ < G ||i^||H/^i(G) < oo, 

for some constant G that depends only on G. 

For readers convenience we give here a complete, comparatively simple and in- 
dependent proof of this result that was proved by the second author in [18] . 
Proof 

Choose nonnegative functions h e Gg° (R""^) and K e G^ (R) such that 
supph C Si(O') := {x' = {xi,...,Xn-i) G R""^ : \x'\ < l}, 

OO 

suppK C [i, l], / h(x')dx' = 1, / K{t)dt = 1. Suppose 

R"-l -oo 

n{x,r,e',y) = ^-'\xn)h f^^f^) r^'-'K ( , 
where r>(),yeM},6'e S'i(O') = dBi{0'). We will use a family of kernels 

■.^n(xj-,e',y-) . 

Denote 

oo oo 

Fe{x)^ J dSe'Jdr J F{x' + r0' ,Xn + y)n (^x/-,9' ^. 

Si(O') -oo 

The proof of this Lemma can be divided onto four parts. 

1. Let us demonstrate that i^e ^ in L^'^"'^ (G) for e ^ 0. Using the change of 
variables rd' = z',y = Zn we obtain that 

F.{x)= [Fix + z)h('-^)K(^)^^^. 

J \eip{xn) J \eip{x„) J e^f-^ixn) 

Let us prove that Fe{x) F{x) for e ^ in LP''°'^(G). Let U he a compact 
subset of G. Denote x° = inf{x„ : x = {x',Xn) G U} Then a;° > 0. Using 
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monotonicity of (/? and compactness of U we have that ip{x1) < ^fiixn) < Cq(p{x'^), 
where x — {x',Xn) e U and the constant Co depends only on U and ip. By 
construction of K we have i < — < 1- Hence 



Because h 



( ex'+z' \ I 



K 
for 

h 



^" j ^ Cix { ^" 



eipjx^ 

( ex' + z' 



\ eip{xn) 



< 1, then 

<C2X 



2C^e^{xl), 

In these inequalities Ci = sup{i^(T) : r e R}, C2 — sup{|/i(u')| : u' e R"^-*-} 
and X is the indicator of [0; 1]. The second inequality is based on the inequality 
\z'\ < e\x'\ + e(f{xn) < 2eif{xn) < 2Co£(/3(x°) that is a direct consequence of an 
obvious inequality \ex' + z'\ < eip{xn)- 
Because 

Jr" \l^^[Xn) J \Sip{Xn)J e'-'if'^lXn) 

we get 

Integrating both parts of the previous inequality in degree p on J7 and using 
Minkovsky inequality 



\F,{x)-F{x)\ < C / \Fix+z)-F{x)\x , „ , , 



\F,-F\\l,(^u) < 



c 



\F{x + z)-Fix) X. ^ , o^ 



dz 



2Coeip{xOJJ e^ip^ixl) 

< Csup{||F(x + z)- Fix)\\LP(u) ■■ \z\ < 2Coe^(a;0)}. 

Using continuity of function F £ LP{G) in the sense of (see [17], ch.l) the proof 
can be finished. 

Therefore we obtained the following integral representation 

1 

F{x)=Fi{x)- J ^F,{x)ds. 



for any F e LP{G). 

We will use short notation 



i 

R{x)=-J ^/e{x)de. 



Recall that 



Fi{x)= J dy J dS'g J F(x' + r9' ,Xn + y)^{x,r,e' ,y)dr. 

-00 S 

Using the following change of variables x' + rO' = z' , Xn + y = z„, r^^'^drdO' 
dz',dy = dzn we obtain 
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dz 



(4.3) a[xn) ■■= Fi{x) - J F{z)h [j^^^j K 

Here we used a new notation a{xn) Fi{x) emphasizing that function Fi{x) 
depends only on Xn- 

2. Let us demonstrate that a £ Wp{G) for 1 < p < oo. By construction of a we 
have 

1 

(4.4) \\a\\l,^^^^ J \a{xn)\P dx = J dxn J \ a{xn) dx' 



\x'\<:p(x„) 



< 



\x'\<ip{x„) 



F{z) I -hi 



V{Xn) 



)-K{: 



dz 



(p{Xn) tp^-iXn) 



Remember that supph C -Bi(O') and suppK C [1/2; 1]. Therefore the domain 
of integration for z is the following set U := {z z' \< (p{xn), Xn + (p{xn)/2 < z„ < 
Xn + (p{xn)} which bclongs to G. 

There exist S > and o < c < Xn such that 

(p{Xn + Sip{Xn)) = (p{Xn) + If' {c)Sip{x„) = ip{Xn){l + Slfi' (c)) 

By monotonicity of ip we have for 5 = 1/2 the following inequality 
(4.5) 



2 - '-^ - 2 
The integrand in (|4.4p can be rewritten in more convenient way 

^-\F\-\h\-\K\ = \F\i\h\^K\-^ ^-t) . (I h 1^1 K 1"^ 
Using Holder inequality and changing order of integration we obtain 

(4.6) f \F{z)\P^iz,Xn)dz 

G 

where 



C 



*(z,a:„) 



dXr. 



'I'(z, Xn)dz 



h 



{\x'\<^{x„)} \'i5(a;„) 
We will estimate ^'(z, a;„). 

Let us change first Xn onto r := ^"."^^ . Hence 

dxn dr 



K 



dx' 



LP [Xn) J <i5" {Xn) 



p{Xn) 



1 



+ v(x^(t)) V y'^'n-l 



Therefore 



K 



LfiXn) ) (/?(x„) 



<C \ K{t) 



dr 



1 - ip'{Xn{T)) 



< oo, 
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because of the boundedness of function K with compact support. Using the same 
argument for (|4.6p we obtain finally the following estimate for the L^'-norm of a 



" IIlp(G) 



<C j \ F{z) |P dz. 

G 



Let us prove that a G Wp{G). 

Using the following change of variable in l|4.3l 



z' ^ ip{Xn)s', Z„= Xn+ (^(x„)s„. 

we get 

a{Xn) ^ / F{cp{Xn)s\Xn + (p{Xn)Sn)h{s')K{Sn)ds. 



After differentiation we obtain 



a'{xn) = / {(p'{'VF{ip{xn)s' , Xn + (^(a:„)s„ ) , 



DnF{ip{Xn)s ,Xn + (y5(a;„)s„) (1 + if {Xn)Sn))h{s )K{Sn)ds . 

Returning to the original variable we get finally 



I a'(x„) \<C \ VF{z) I -M^) • i^(^^Vv)- 

/ I n \ If \ / n \ ^ \ in''' 



ip{Xn) ip{Xn) (f'^iXn) 



+ C I \ D^F{z) I -M^) • K{^^^)- 



dz 



>(a;„) ifiXn) if'^iXn)' 

This inequality permits us to estimate || a' \\lp(g) by the same way as || a \\lp(G) 
Therefore a & %i(G). 

3. Function R can be represented as i? = Ri + R2 where 

1 

R,{x)^- {VF{z),z' -x') '^^ 





1 



eip{Xn) J \e(p{Xn) J if'^iXn)' 

Here V = . . . , ^) , z = (z', z„), = ^. 

Let us verify this representation. Remember first that 



e' ' eJ (^"(a;„)e" ^ \^ eip{xn) J \eip{xn) 

Hence 

" 'e-^n[x.'-.ir.i) 



hK ^, , , y -f-——-hK' 



^n+l^n ^n+2^^n+l (^^J ^ ^ -/ ^n+2^n+l 
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- ii rr"-i/i] - h— 

Using [4?7l we get the following expression for R{x) 

1 



yK 



eip (Xn) 



R{x) 



de 



de I dy I dS's I F{x' + r9',Xn + y)-^^[n{x',-^,e',^)e-^ 



dr — 



de j^dSe. ( E^^^^^ 1 '"'^'^ 



dr- 



de / dSe' 



ex' + rO' 
V eip{xn) 



„n-2 



dr / yDnFK 



y 



eip {Xn) 



dy. 



Using the following change of variables 

z' = x' + r9' , dz' = r"^~^ drdSg , Xn + y = Zn, dzn — dy. 
we obtain the claimed before decomposition R — Ri + R2: 



R{x) = - 



de 



{V'F{z),z' ~x')K 



-■n '^n 



etp{xn) 



de 



DnF{z) ■ (z„ - Xn)K 



eip{xn) 



z' - il-e)x' 
eipixn) 

z'-{l-e)x' 



dz— 



e(p{xn) 



dz 



— i?l + i?2- 

4. Similarly to the plane case and to the proof of (|4.2p we will demonstrate 
that (p~^Ri e LP{G), i = 1,2. We will prove this fact only for Ri. For R2 the 
proof is similar. 

We have 



(4.8) \^~\xn)Ri{x)\ < 



de / |V'F(z)| 



eip{xn) 



z (1 e^x \ ( Zji Xj-^ 



eip{Xn) 



dz 



Denote by X{x) the extension of \ip~^{xn)Ri{x)\ on R" \ G by zero and by 
Y{z) the extension of |V'F(z)| by zero on R" \ G. Recall generalized Minkovski 
inequality. Let -0(2^, y) be a measurable nonegative function defined on Ax B where 
A e i?", -B e i?™ are measurable sets. Then for any 1 < p < 00 



B 



ipix,y)dy] dx 



< 



IB \JA 

Using generalized Minkovski inequlity we get 



i/p 

V{x,y)dx] dy. 



(4.9) 



I-'^IIlp(R") < 
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Jo \JR" 

Here 



Because 



e'V" (Xn) Jr 



p-1 -1 p ^ 1/p 
^-iSLzll^] dz'] " Kdzr, dx 



Sip [Xn ) 



1/p 



z' - (1 - e)x' 

we obtain finally 
(4.10) 



° (re-l)(p-l) 



I^IIlp(R") < 



JR 



R 



$(z, a;)iir 



eip (Xn) 



dz„ 



dx 



i/p 



n+p— 1 



de. 



Using for the term in square brackets from the right hand side of (|4.10p Holder 
inequality for variable Zn and taking into account the inequality 

p-i 

<C{e^{xr.)f-\ 



K 



eip{xn 

we obtain the following L^-estimate 
(4.11) ||X||^,(e)< 



C 



YP{z) 



h 



z' - {1 - e)x'\ „ / 2„ - X. 



eip{xr, 



dx 



\ eip{xn) J ieip{xn)y 



dz > de. 



Denote by J the term in square brackets on the right hand side of (|4.1ip . By direct 
calculations we have 



h 



z' -(1- e)x' 



K 



K 



e(p{Xn) J {e(p{xn)) 

h 



^'-^'-'^'^dx' 



e(p{xn) 



dXr, 



< 



oo 

C f K 



(e</'(a^n))" 



\ £tf{Xn) J eLp{Xn) 



For the last inequality we used the following estimate 
h 



z' - {l-e)x'\ , , . , 

' dx < C [eip (Xn)\ 



Sip {x„) 



This estimate can be proved by the following way. Let 



A=ix' eH 



' r- T)" — 1 



ep {Xn) 



< 1 L S = {x' e R"-i : \z' - x'\ < 2ep {xn)] 
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Using definition of class OP^ and inequalities 



X 



1 < 



follows that Ac B. Therefore 

'z' - (l~e)x' 



f (Xn) 



< 



(l-e)x' 



Sip (Xn ) 



< 1 



dx' < / hdx' < / hdx' 



Let us change variable a;„ to t 

dx 



-- T {Xn 
dT 



t). Hence 



Therefore 



K 



dx 



e(p{xn) ) eip{xn) 



< c 



K{t) 



dT 



1 - eip'{Xn{T)) 



<c, 



where constant C depends only on F{x). Using the last inequality l|4.1ip we obtain 
finally 



(4.12) 



\\X\\l^■p^^,^) < C ||i^||Lp(R„) < C ||P||wl(G) ■ 



The Lemma is proved. 

Using the previous Lemma 14.21 we will prove the theorem 14.11 

Proof of Theorem SH] Let OJl C (G) be a bounded set and A = Ip{M) C 
LP'^P (dG). To prove compactness of h : W^{G) LP-^ {dG) we need to construct 
for any e > a finite e-network of A. 

By Lemma l4?2l any function F e 9}t can be represented as F = a + R, a = a{xn)- 
Denote Aq, the set of all functions a — F — R such that F €dR and denote A n the 
set of all functions R that correspond to F G 97t. Hence A = Aq, + Kn. 

Because the embedding operator Ii : Wp — > LP{G) is compact the set Aq 
is relatively compact in U'{G). Therefore for any ei > there exists an Si- 
network (3i,...,(3n of Aq in LP{G). Denote Gs = Bs{0) n G where 5^(0) = 
{2: G M" : |a;| < S}. Further we suppose that < S < 1. Using continuity of func- 
tion F £ LP{G) in the sense of (see [T7|, ch.l), we can found (5 > such that for 
any j = 1, 2, . . . , iV the following inequality is correct 



1/9: 



< £l. 



< 2ei. 



Hence for any a S Aq there exists such (3j that 

(4-13) ll«llp,G. <II«-/3.IU. + II/3.I 

By construction of the domain G in a neighborhood of its peak with the top O (see 
(|2.5p ) we have by direct calculation 

5 

\a{Xn)\^dx = UJn-l J \a{Xn)\^'f'^~^{Xn)dXn, 
Gs 

where uJn-i is volume of the unit n — 1-dimensional ball. 
On the other hand we will demonstrate (using (|2.5p l that 
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S 

\a{Xn)\P^p{Xn)dSx ^ / \a{Xn)\P(p"~^{Xn)dXn- 



dGs 

The argument is simple. The manifold dGs \ {0} is a finite union of charts of 
the following type 



(4.14) dG^"^ - |x = {x",Xn-l,Xn) : 0<Xn<S, Xn^l 

where cr G (0, 1). By direct calculations 



1/2 

< aip{xn) }, 



dS. = ^{x^)J^t^^^^^dx"dx 



n, 



and by the inequality \x"\ < aip{xn) 



Therefore 

s 

(4.15) J \a{xn)\^Lp{xn)dSx ^ j dxn j \a{xnW'^{xn)dx" 

aG<"-i> {\x"\<aip(x^)} 

S 

|a(a;„)|P(p""^(a;„)dx„. 



Combining this estimate and l|4.13p we can conclude that integrals 

\a{xn)\^ip{xn)dSx, a G A^, 

are uniformly small for all a G if (5 > is small enough. 

To estimate the function i? G A^ that corresponds to G 9Jl we will use Lemma 
14.21 Denote doG = {x G dG :| x' |= <f{xn), < a:„ < 1}. First we will estimate the 
integral 

j I R{x) |f v{x^)dS,, 

doGs 

for some 6 > 0. 

The boundary doGs can be covered by a finite number of charts dG'g'l,k — 
1, 2, 71 — 1, (see (|4.14p ). Let us prove estimates for R for the chart SG^"^ ^\ We 
will use notation x =: {x" ,Xn-i,Xn) G SqG^"^ ^■'.Then 
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Choose s : < s < y^ip^{xn)- \ x" p. Then 



R{x) — R{x" ,S,Xn) + / Dn-iR{x^\T,Xn)dT 



where C„_i = 

Integrating in s we obtain 



^ ip2(a;„)-|a;" 



(4.16) I R{x) \P <fiXn) < Cl 



I R{x'\s,Xn) r ds+ 



C2i,5(a;,; 



y I Ai-i^(a;",T,a;„) | dr 



\ 



y 



For the estimate (|4.16p we used that ^P-{xn) — ~ <y5(a;n) if | x" |< o-iy9(a;„). 
Integrating l|4.16p on 90^?^"^^^ taking into account dS^ ~ dx^dxn and using Holder 
inequaUty for variable r we get the following inequality 

I R{x) \P ip{x^)dS, < 



5 

Cl J dXn 

\x"\<aip{x„) 
S 

+ C2 I (p^{Xn)dXn 



dx" 



I R{x'\s,Xn) r ds 



y/:p^{x„)~\x"\^ 



dx''- 



J \Dr,^iR{x'\T,Xn)\P dT 



\x" \<crifi{xn) 

< Cl y I Rix) \P dx + C2(^P((5) J I Dr,-iR{x) |f dx. 
Combining with (|4.12p we obtain 



(4.17) 



I R{x) \P ^ixn)dS, < 



/ -^$^''dx+ I \Dn-lRix) \Pdx 
J fiXn) J 



Using this estimate and Lemma [421 we get finally 

(4-18) \\RK,M^^'fi(^)\\P\\wi(G)- 

This estimate and corresponding estimates for integrals of | a{xn) \^ on doGs for 
a G Act allow us to conclude that for any €2 > there exists such i5o > that for 
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all S e (0, S) and for all F G Tl the following inequality is correct 



(4.19) 



ll^^ll 



p,cp,doGs 



< £2- 



Let S be an arbitrary number from (0,1). Denote ks a function of the class C^([0, 1]) 
with the following properties < ^5 < 1 on [0, 1], ks{t) — 1 when 6 < t < 1, ks(t) — 
when < t < (5/2. Denote by m{5) traces of functions F from Tl on G\Gs/2- 
The set Tl{S) is bounded in Wp{G\Gs/2) and therefore [17] is compactly embedded 
into LP^'^{doG\doGs/2) ~ LP{doG\doGs/2) (for fixed S). Let e > be an arbitrary 
number. Choose a finite e/2-network for A{S) = hiTliS)) C LP{dQG\doGs/2) that 
is a finite set of functions Di,...,Dr. Then the set of functions i^j = ksyj,] = 
1, 2, . . . , r represents a finite e/2-network for the set ksh.{5) = {ksF : F S 2t(5)} 
into LP''^{doG). It is possible to suppose that for the same 6 the inequality (|4.19p 
is correct with €2 = e/2. 

Finally we will prove that the set of functions vi, . . . ,iyr represents an e-network 
of A into LP^f{doG). The argument is standard. Let F e OT. Then F = {\-ks)F + 
ksF. Because ksF e ksA{6) there exists such j/^ that \\ksF — ViW^ ^ < e/2. Then 



\\F - z^,|lp,^,9oG < 11(1 - fc*)^llp,^,aoG + \\ksF - '^^\\p^^MoG < e/2 + e/2 = e. 
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by (mu) 



Therefore J^i , . . . , i',- is a desire e-network for A 
Theorem 14.11 proved. 



hiM) in LP'^idoG). 
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